Abstract-In this paper, two-dimensional (2-D) analytical magnetic field calculations are used to compute crucial quantities of Brushless permanent-magnet (PM) machines with surface-inset PMs. The analytical magnetic field distribution is based on the subdomain technique in which the slotting and tooth-tip effects have been considered. It includes both different magnetization patterns (e.g., radial, parallel and Halbach) and different spatial distribution of winding (e.g., concentrated and distributed with one or more layers). The saturation effect of the magnetic circuit is neglected. In this investigation, the phase and line induced back electromotive force (EMF) waveforms, electromagnetic/cogging/reluctance torques, self-/mutual-inductances and unbalanced magnetic forces (UMFs) have been analytically calculated. The analytical expressions can be used for Brushless machines having surface-inset PMs with any radius-independent magnetization pattern. In this study, two slotted Brushless PM machines with surface-inset PMs have been selected to evaluate the efficacy of the analytical expressions by comparing the results with those obtained by the finite-element method (FEM). One of the case studies is a 9-slots/8-poles Brushless DC (BLDC) machine with radially magnetized PMs, non-overlapping all teeth wound winding and six-step rectangular armature current waveforms. The other is a 15-slots/4-poles Brushless AC (BLAC) machine with Halbach magnetization PMs, double-layer overlapping winding and sinusoidal armature current waveforms.
INTRODUCTION
High energy density PMs such as samarium-cobalt and neodymium-iron-boron have paved the way for the widespread applications of Brushless PM machines in high performance drive systems. Before the advent of rare-earth PMs, Brushless PM machines had no chance to compete with their main rival, i.e., induction machines. In general, high performance drive systems are desired to have some or all of the following features: high efficiency, high energy density per unit volume, low torque ripple, no or minimal saturation occurrence, low vibrations, low acoustic noise pollution, minimum harmonic generation, minimum development of UMFs, high reliability, rugged structure, ability to operate in adverse conditions and/or hazardous environment, long life-time, minimum maintenance requirement, ability to operate at wide range of speed, possibility to be designed for very high-speed applications, high fault tolerant property, high controllability, robustness, and proper heat removal and cooling system. Some of these features depend on the machine design, some others are dependent on the control design and some of them are influenced by both the machine and control design. Since some of these features are in conflict, designing a drive system to possess all of the above-mentioned properties is a challenging issue. Therefore depending on the application of the drive system, the features are prioritized and the design process is carried out based on the prioritization.
According to the prioritized features, the most suitable topology of the Brushless PM machine (i.e., slotless/slotted, inner/outer rotor, surface-mounted/surface-inset/interior PMs) is selected. For example, if a very high-speed machine is required, a machine with slotless stator structure is selected. Basically at normal speed operation, the slotted stator structure outperforms the slotless one in terms of higher energy density per unit volume due to the lower effective air-gap in the former compared to that of the latter. On the other hand, the slotless stator structure results in zero cogging torque and very low armature reaction which are important for high-speed applications. There are four main possible PM topologies: i) surface-mounted; ii) surface-inset; iii) radial interior (a.k.a. spoke or circumferential flux interior PMs) and iv) circumferential interior (a.k.a. buried or radial flux interior PMs). Among them, the interior offers the highest mechanical robustness and lowest PM eddy-current losses at the expense of higher cost. In contrast, the surface-mounted PMs structure is less expensive but suffers from low mechanical robustness and high PM eddy-current losses. A trade-off between these two options is the surface-inset PMs topology in which the mechanical robustness is higher and PM eddy-current losses are lower than that of the surface-mounted PMs and the cost is lower compared to interior PMs structures.
For the design and analysis purpose of Brushless PM machines, their model is a prerequisite. The model of an electric machine can be dynamic or static in which each can be analytic or numeric [34] [35] [36] . For design purposes, normally, static model is sufficient and the analytic model, if possible, is preferred over the numeric one. The analytic model of a Brushless PM machine can be obtained via different approaches such as [37] : i) magnetic equivalent circuit; ii) Schwarz-Christoffel mapping method and ii) Maxwell-Fourrier methods (i.e., multi-layers models and subdomain technique). The latter is far more accurate than the former and can be used to almost precisely calculate crucial quantities such as the magnetic field distribution, cogging/reluctance/instantaneous torques, back EMF waveforms, self-/mutual-inductances and UMFs.
2-D analytical magnetic field calculations have been reported for both surface-mounted and surface-inset PMs [23] [24] [25] [26] [27] [28] [29] [30] [31] in which some of them deal with the slotless stator structure and some others investigate the slotted stator structure . Analytical magnetic field expressions have been utilized to calculate the PM eddy-current loss with(out) the current penetration effect [4, 14, 28] , cogging torque [13, 32] , reluctance torque, instantaneous torque [27, 30] , back EMF waveforms [5, 24, 27] , self-/mutual-inductances [2, 27] , and UMFs [5, 33] .
In this paper, 2-D analytical magnetic field expressions are employed to calculate the cogging/reluctance/instantaneous torques, back EMF waveforms, self-/mutual-inductances and UMFs in the slotted Brushless machines with surface-inset PMs.
MAGNETIC FIELD CALCULATIONS
Consider the slotted Brushless machine equipped with surface-inset PMs having p pole pairs and Q slots shown in Figure 1 . The winding can be non-overlapping in which the non-overlapping type can be classified as all teeth wound or alternate teeth wound as depicted in Figure 2 .
The 2-D magnetic field distribution can be analytically calculated for slotted Brushless machines with surface-inset PMs. To this end, a number of assumptions, as listed in [31] , need to be made to either permit or facilitate the analytical solution. According to the infinite permeability assumption of the stator and rotor back-iron, the machine geometry is divided into four active subdomains [see Figure 1 ]: slots; slot-openings; air-gap; and PMs denoted respectively by sl, so, a, and m. Therefore, the number of subregions with non-overlapping windings [see Figure 2 (a) and Figure 2(b) ] is 2Q+2p+1. In the case of double -layer overlapping windings [see Figure 2 (c)] each slot is radilly divided into two subregions and instead of index sl, indices slt and slb are used for the top and bottom parts of the slots. Subsequently, the number of subregions will be 3Q + 2p + 1. The excitation of the system is both armature currents or/and PMs which represented by their Fourier series expansion [31] .
Based on Maxwell's equations and the assumptions made, the radial and tangential components of the magnetic flux density in all regions can be calculated by the following expressions where subscripts r and θ denote the radial and tangential components respectively. The superscripts sl, so, a, and m are used to distinguish between different subdomains and k = 0, 1, . . . , 2p − 1 is the PM index and 
(1)
where R r , R m , R s , R so and R sl are, respectively, the radii of rotor back-iron, PM, stator bore, slotopening and slot bottom; θ the spatial angle with respect to the stator fixed reference axis; β the slot-opening span angle; δ the slot span angle; and
ln r for wp= α r (10)
In the case of overlapping windings, the radial and tangential components of the magnetic flux density in the top and bottom of the slots are expressed as [31] B slt,j r
where R slm = R 2 sl + R 2 so 2 is the radius which radially divides each slot into two equal-area regions and b
The number of integration constants to be determined is 4N + Q(2U + V + 1) + 2pW , consisting of a a n , b a n , c a n and d a n (for n = 1, . . . , N), a The integral coefficients are obtained by imposing the boundary conditions at the interface between the various regions and are given in [31] . The analytical results of magnetic flux density components in the different subregions for 6-slots/4-poles Brushless PM machine with surface-inset PMs (for three magnetization patterns and non-overlapping winding) have been presented in [31] and evaluated by comparing them with those obtained from the FEM.
BACK EMF CALCULATION
The calculation of the magnetic flux linked with each coil due to only PMs is a prerequisite to compute the induced back EMF in each phase. The magnetic flux passing through a surface can be, in general, calculated by [5] 
where B is the magnetic flux density vector distribution passing through the surface and dS an element of the surface area vector.
Non-Overlapping Winding
Using Gauss's law of magnetism of Maxwell's equations, B · dS = 0, the magnetic flux passing through one of the stator teeth, as shown in Figure 3 (a), can be obtained by the following relation For the sake of calculation ease, the integral surface is considered to be the surface around each tooth-tip. Therefore in the case of non-overlapping windings, the magnetic flux linked by a single turn of the j-th coil, i.e., the coil wound on the (j + 1)-th tooth, is expressed by (20) for j = 1, 2, . . . , Q in the case of all teeth wound and j = 1, 3, . . . , Q in the case of alternate teeth wound where θ t = 2π/Q − β is the span angle of each tooth including the tooth-tips, δ j = 2π(j − 1)/Q is the angle of j-th tooth center with respect to the first tooth, L is the effective axial length of the machine, and θ & r are dummy variables of integration. Using the analytical solution of magnetic flux density, the magnetic flux due to PM passing through tooth j is expressed as
Subsequently, the back EMF induced in coil j can be analytically found using Faraday's law [5] E j = −N t ω dφ j dα (22) where N t is the number of turns of each coil. The back EMF of each phase can be obtained according to the connection of the coils of that phase.
Overlapping Winding
Similarly, using Gauss's law of magnetism of Maxwell's equations, the magnetic flux passing through the coil located in slots j and j + S, where S is the coil span in number of slots, as shown in Figure 3 (b), can be obtained by the following relation
Therefore in the case of overlapping windings, the magnetic flux linked by a single turn of the j-th coil, i.e., the coil located in slots j and j + S, is expressed by 
for j = 1, 2, . . . , Q. Using the analytical solution of magnetic flux density, the magnetic flux due to PM passing through coil j is expressed as
INDUCTANCES
Self-/mutual-inductances are calculated for both overlapping and non-overlapping winding configurations. The calculation is based on the armature flux linked with each coil which yields the self-inductance if the magnetic flux is generated by the coil current; and results in the mutual-inductances if the magnetic flux produces by another coil.
Non-Overlapping Winding
The flux linked with coil j (i.e., the coil wound on the (j + 1)-th tooth) due to solely the current of coil j can be obtained using the following expression
for j = 1, 2, . . . , Q and j = 1, 2, . . . , Q where J j,j v is the v-th component of the current density Fourier series in slot j when only coil j is active. The integral constants are also calculated when only coil j is carrying current without the effect of PMs. Having assumed the series connections of all coils in each phase, the self-inductance of phase k is calculated using the summation of the flux linked with the coils of phase k due to solely the corresponding coil current of phase k divided by the corresponding coil current of phase k
The mutual-inductance between phases k and k is calculated using the summation of the flux linked to the coils of phase k due to solely the coil current of phase k divided by the coil current of phase k
Since the permeability of the PMs is significantly lower than that of the iron interpoles in surface-inset PMs structures, regardless of having slotless or slotted stator, the armature field is a function of the rotor position and therefore self-/mutual-inductances vary with the rotor position.
Overlapping Winding
In the case of overlapping winding, the flux linked with coil j located between slot j and j + S due to the current of coil j is expressed as
Note that in the case of alternate teeth wound or, in general, single layer windings, the number of coils is half of the number of slots. Therefore the flux linked with the coils is calculated for j = 1, 3, . . . , Q. It is the case for both inductance and back EMF calculations.
TORQUE CALCULATION
Maxwell's theory is used to calculate the instantaneous torque; it states that the total force exerted on a rigid body located in an electromagnetic field is obtained by integrating the magnetic stress on a closed surface around the body [27] .
where B a r,P M and B a θ,P M are, respectively, the radial and tangential components of the flux density due to PMs in the air-gap, B a r,AR and B a θ,AR are, respectively, the radial and tangential components of the flux density due to armature reaction in the air-gap and R c is the radius of the closed surface in the air-gap. In this study, the integration surface is assumed to be a cylinder with the motor center and the radius of R c = (R a + R sl ) /2. Opening the brackets of the integrand leads to the following expression 
The first term is solely originated from the PMs flux density and called cogging torque, which is normally generated due to the presence of stator slots and PMs. The last term is generated due to just the armature reaction flux density and known as reluctance torque, which is developed due to rotor saliency. The two middle terms are due to the interaction between the PMs and armature reaction fields. It means that the instantaneous developed torque has, in general, three components: reluctance, cogging and electromagnetic torques as written in the following
LOCAL TRACTION & UNBALANCED MAGNETIC FORCES
The radial and tangential magnetic local traction acting on the stator surface can be obtained based on the Maxwell stress tensor since the permeability of the stator/rotor back-iron assumed to be infinity [5] 
which can be transformed to Cartesian coordinates
The components of the UMFs exerted on the stator center are calculated over a circular surface normally in the middle of the air-gap region as
Note that the above expressions can be used to calculate the UMF due to only PMs (i.e., 
CASE STUDIES
To illustrate the efficacy of the derived analytical expressions, two cases are investigated: a 9-slots/8-poles BLDC machine with non-overlapping winding and a 15-slots/4-poles BLAC machine with overlapping winding. The specifications of both cases are listed in Table 1 and their winding outlines are depicted in Figure 4 . The 3-phases current waveforms for the two Brushless PM machines are shown in Figure 5 . Number of harmonics in all subdomains N , U , V , W 100 100
9-Slots/8-Poles BLDC Machine
The Brushless PM machines with fractional ratio of slot number to pole number have some advantages over those with integer ratio such as low cogging torque. In addition, the non-overlapping winding reduces the end-winding which has no contribution to torque generation but increases the ohmic losses.
In those machines where the number of slots and number of poles differ by one, i.e., 2p = Q ± 1, the back EMF and subsequently the torque is high since the coil pitch is close to pole-pitch. The winding layout of the 9-slots/8-poles BLDC machine is shown in Figure 4 (a). In this case, it is assumed that the PMs are radially magnetized and six-step rectangular armature currents flow in the armature winding. The minimum, maximum, average and ripple of the instantaneous torque are 5.07 Nm, 7.01 Nm, 6.31 Nm, and 30.78% respectively for six-step rectangular armature currents. For sinusoidal armature currents, the minimum, maximum, average and ripple of the instantaneous torque are 7.03 Nm, 7.34 Nm, 7.18 Nm, and 4.1% respectively.
The UMFs exerted on the rotor center along x-and y-axis as well as its modulus are shown in Figure 8 (a). It is obvious that one of the disadvantages of the machines with a fractional slot number per pole number ratio is the developed UMFs which increase the vibration and acoustic noise and reduce the life time of the machine. Figure 8(b) shows the locus of the UMFs due to PM alone, due to just armature reaction (AR) and also the total UMFs, i.e., due to both PM and AR fields which incorporate their interactions.
15-Slots/4-Poles BLAC Machine
The second case to be investigated is a 15-slots/4-poles BLAC machine with overlapping winding. The winding layout is selected to have a balanced winding with the coil pitch close to 180 electrical degrees, as shown in Figure 4(b) .
The magnetization pattern, in this case, is Halbach and the armature current waveforms are assumed to be sinusoidal.
Similar to the previous case, the back EMF, self-/mutual-inductances, instantaneous torques, and UMFs have been analytically calculated. The induced back EMF waveforms in the first phase and first line are shown in Figure 9 (a) in which the phase back EMF is more sinusoidal compared to that of the previous case. The rotor position dependent self-/mutual-inductances are depicted in Figure 9 (b). Compared to that of the non-overlapping winding, the mutual-inductance is higher in the overlapping winding.
The instantaneous developed torque is shown in Figure 10 . The torque ripple in this case is considerably lower compared to that of the BLDC motor. The minimum, maximum, average and ripple of the instantaneous torque are 6.7 Nm, 7.2 Nm, 6.89 Nm, and 7.77% respectively for six-step rectangular armature currents. For sinusoidal armature currents, the minimum, maximum, average and ripple of the instantaneous torque are 4.53 Nm 6.01 Nm, 5.37 Nm, and 27.51% respectively. Figure 11 (a) shows the UMFs in x-and y-axis as well as the magnitude of UMF. The locus of the UMFs (i.e., F x versus F y ) is shown in Figure 11 (b) where the UMFs due to PM is negligible compared to the total UMFs because the Halbach array has been employed.
CONCLUSIONS
Analytical magnetic field distributions of Brushless machines with surface-inset PMs have been used to calculate important quantities such as back EMF, reluctance/cogging/instantaneous torques, self-/mutual-inductances, and the UMFs. These analytical expressions can facilitate the iterative design process of this type of PM machine. The analytical expressions have been tested on two cases: i) a 9-slots/8-poles BLDC machine with radially magnetized PMs, non-overlapping all teeth wound winding and six-step rectangular armature current waveforms; and ii) a 15-slots/4-poles BLAC machine with Halbach magnetization PMs, double-layer overlapping winding and sinusoidal armature current waveforms. The analytical results have been compared with those obtained by FEM and found to be in good agreement.
